Abstract. In this article, we study the Castelnuovo-Mumford regularity and Gorenstein properties of the fiber cone. We obtain upper bounds for the Castelnuovo-Mumford regularity of the fiber cone and obtain sufficient conditions for the regularity of the fiber cone to be equal to that of the Rees algebra. We obtain a formula for the canonical module of the fiber cone and use it to study the Gorenstein property of the fiber cone.
Introduction
Let (A, m) be a commutative Noetherian local ring and I be an ideal of A. The graded algebras, the Rees algebra, R(I) := ⊕ n≥0 I n t n ⊂ R[t], the associated graded ring, G(I) := ⊕ n≥0 I n /I n+1 ∼ = R(I)/IR(I) and the fiber cone, F (I) := ⊕ n≥0 I n /mI n are together known as the blowup algebras associated to I. In this article, our aim is to study the CastelnuovoMumford regularity and the Gorensteinness of the fiber cone. We do this by relating them with the corresponding properties of certain other graded modules. Cortadellas and Zarzuela, in a series papers, used certain graded modules associated to filtrations of modules to study the depth properties of the fiber cone [CZ2] , [CZ1] , [C] . We use these graded modules and other blowup algebras to study the regularity and the Gorensteinness of the fiber cone.
For a standard graded algebra S = ⊕ n≥0 S n over a commutative Noetherian ring S 0 and a finitely generated graded S-module M = ⊕ n≥0 M n , define Keywords: Castelnuovo-Mumford regularity, Gorenstein, associated graded ring, Rees algebra, fiber cone, canonical module. Let (A, m) be a local ring and I be any ideal. The Castelnuovo-Mumford regularity of R(I) and G(I) have been well studied in the past. Ooishi proved that reg R(I) = reg G(I), [O] (see also [T] ). In [T] , Trung studied the vanishing behavior of the local cohomology modules of the associated graded ring and the Rees algebra and derived that for any ideal in a Noetherian local ring reg R(I) = reg G(I). It can easily be seen that such an equality is not true in the case of the fiber cone and the associated graded ring (see Section 2). In Section 2, we prove that for any ideal of analytic spread one in a Noetherian local ring, the regularity of the fiber cone is bounded above by the regularity of the associated graded ring. If the ideal contains a regular element, we show that the equality holds in the above case (Theorem 2.2). We also prove that, under some assumptions, the regularity of the fiber cone is bounded below by the regularity of the associated graded ring and obtain certain sufficient conditions for the equality.
In Section 3, we study the Gorenstein property of the fiber cone. The Gorenstein property of the Rees algebra and the associated graded ring has been very well studied, see for example [GN] , [HRS] , [HKU] , [Hy] , [TVZ] . It is known that the Gorenstein fiber cones behave differently. For example, it is known that, unlike in the case of associated graded ring, fiber cone can be Gorenstein without the ambient ring being Gorenstein.
Also, it can easily be seen that the symmetry of the Hilbert series of the fiber cone does not assure the Gorensteinness for fiber cone ( [JPV, Example 6.2] ). In Section 3, we obtain an expression for the canonical module of the fiber cone (Proposition 3.1). Using the structure of the canonical module, we obtain a necessary and sufficient condition for the Gorenstein property of the fiber cone (Theorem 3.5). We also obtain an upper bound for the regularity of the canonical module of F (I). We end the article by proving that the multiplicity of the canonical module of the fiber cone is strictly less than the multiplicity of the canonical module of the associated graded ring, except for the maximal ideal.
Throughout this article, (A, m) will always denote a Noetherian local ring of dimension d and with infinite residue field. All the computations in this article have been performed using the computer algebra package CoCoA, [Co] .
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Castelnuovo-Mumford regularity of the fiber cone
In this section we study the regularity of the fiber cone. Unlike in the case of the associated graded ring and the Rees algebra, there is no equality between the regularities of the fiber cone and the Rees algebra. For example if A is a non-Buchsbaum ring and I is generated by a system of parameters and not a d-sequence (such a sequence exists by [Hu, Proposition 1.7] ), then from Corollary 5.2 in [T] we have reg R(I) > 0. Since I is generated by a system of parameters reg F (I) = 0. Therefore reg F (I) < reg R(I). We show that under some hypothesis, the regularity of the fiber cone is at most that of the Rees algebra. We also provide some sufficient conditions for the equality.
Let A be a Noetherian local ring of dimension d > 0 and I ⊂ A be an ideal. Consider the filtration
is a finitely generated graded R(I)-module. Consider the exact sequences of R(I)-modules:
We use the above two exact sequences and the corresponding long exact sequence of local cohomology modules to the study the vanishing properties of the local cohomology modules of the fiber cone. Throughout this section we assume that I is an ideal of analytic spread := dim F (I) = ℓ > 0. We begin this section with a remark on the top local cohomology modules of R(I) and R(F ).
Remark 2.1. Suppose x = x 1 , . . . , x ℓ generates a minimal reduction of I. Note that R(I) + is generated radically by ℓ elements. Denote by
In the following theorem, we show that the regularity of the fiber cone is bounded above by the regularity of the associated graded ring when ℓ = 1. For convenience, we
for the rest of the section.
Theorem 2.2. Let (A, m) be a Noetherian local ring and I be an ideal of A with ℓ = 1.
where r(I) denotes the reduction number of I.
Proof. Since by hypothesis ℓ = 1, I is generated by a single element up to radical. Therefore H i (M) = (0) for all i ≥ 2 and for any finitely generated graded R(I)-module M.
From the exact sequence (2), we have the long exact sequence:
It follows that a 0 (mG(I)) ≤ a 0 (G(I)) and a 1 (F (I)) ≤ a 1 (G(I)). From the exact sequence
(1), we have the long exact sequence:
Therefore a 1 (mG(I)(−1)) = a 1 (mG(I))+1 ≤ a 1 (R(F )). From Remark 2.1, it follows that a 1 (mG(I)) ≤ a 1 (R(I)). Since G + is radically generated by one element, H 1 (G(I)) = 0 and hence by Theorem 3.1 of [T] , we get a 1 (R(I)) ≤ a 1 (G(I)) so that a 1 (mG(I)) ≤ a 1 (G(I)).
Therefore reg mG(I) ≤ reg G(I). Now the regularity behaviour under the exact sequence (2) yields that
Now assume that grade I = 1. Then by ([CZ3] , page 764) we have reg F (I) = r J (I), for any minimal reduction J of I. Also we have reg G(I) = r J (I) (see for example ( [HZ] , Proposition 3.6) ). Therefore reg F (I) = reg G(I) = r(I).
Now we give a lower bound for the regularity of fiber cone under some assumptions.
In [CZ3] , Cortadellas and Zarzuela proved that if the depth of the fiber cone and the associated graded ring is at least ℓ − 1, then the regularities of these two algebras are equal. We generalize this result in the following theorem and retrieve their result in the above mentioned case. For x ∈ I \mI, let x * denote the image of x in I/I 2 and x o denote the image of x in I/mI.
Theorem 2.3. Let (A, m) be a Noetherian local ring and I be an ideal of A. Suppose grade I = ℓ and grade G(I)
Proof. If ℓ = 1, then the proposition follows from Theorem 2.2. Suppose ℓ ≥ 2. Let x 1 , . . . , x ℓ be a minimal generating set for a minimal reduction J of I such that x * 1 , . . . , x * ℓ ∈ I/I 2 is a filter regular sequence for G(I) and
Now we give certain instances where the regularity of the fiber cone is equal to the regularity of the Rees algebra or the associated graded ring.
Proposition 2.4. Let (A, m) be a Noetherian local ring and I be an ideal of A. If reg R(F ) ≤ reg R(I), then reg F (I) = reg R(I).
Proof. From the exact sequence (1) and the fact that reg mG(I)(−1) = reg mG(I) + 1, it follows that reg mG(I) + 1 ≤ max{reg R(I) − 1, reg R(F )}. Since reg R(F ) ≤ reg R(I), the above inequality implies that reg mG(I) + 1 ≤ reg R(I). From the exact sequence (2), we get reg F (I) ≤ max{reg mG(I) − 1, reg G(I)}. Since reg R(I) = reg G(I), the above inequality implies that reg F (I) ≤ reg R(I).
Now from the exact sequence (2), reg G(I) ≤ max{reg mG(I), reg F (I)}. Since reg G(I) = reg R(I) and reg mG(I) ≤ reg R(I) − 1, the above inequality yields that max{reg mG(I), reg F (I)} = reg F (I) and reg R(I) = reg G(I) ≤ reg F (I).
Therefore we have reg R(I) = reg F (I). This completes the proof.
Note that, if grade R(I) + R(F ) ≥ ℓ, then H i (R(F )) = 0 for i < ℓ and from Remark 2.1, it follows that reg R(F ) ≤ reg R(I). The next proposition gives yet another instance of the equality of the regularity of these graded algebras.
Proposition 2.5. Let (A, m) be a Noetherian local ring and I be an m-primary ideal of A such that grade I > 0. Suppose I n 0 = mI n 0 −1 for some n 0 ∈ N. Then reg F (I) = reg G(I).
Proof. Since I n 0 = mI n 0 −1 for some n 0 ∈ N, it follows that mG(I) is Artinian. If I = m, then the assertion of the theorem follows trivially. If I = m, then mG(I) = 0. Therefore H 0 (mG(I)) = mG(I) = 0 and H i (mG(I)) = 0 for all i > 0. From the exact sequence (2) we have (0) and hence from the above exact sequence we get H 0 (mG(I)) = 0, which is a contradiction. Therefore depth G(I) = 0. Then by the Proposition 6.1 in [T] , we have
as required.
Proposition 2.6. Let (A, m) be a Noetherian local ring and I be an ideal of A such that grade I > 0. Assume that mG(I) is a Cohen-Macaulay R(I)-module of dimension ℓ. Then
Furthermore, if reg mG(I) < reg G(I), then reg F (I) = reg R(I).
Proof. From the short exact sequence (1), there is a long exact sequence of the local cohomology modules:
Since mG(I) is Cohen-Macaulay, H i (mG(I)) = 0 for i = ℓ. Therefore, it follows from the above long exact sequence that
Therefore (i) follows from (ii) and (iii).
for all i. This implies that reg R(F ) ≤ reg R(I). Therefore from the Proposition 2.4 we have reg F (I) = reg R(I). This proves (ii).
Suppose a ℓ (R(F )) − 1 = a ℓ (R(I)). Since a i (R(F )) = a i (R(I)) for i < ℓ, we have reg R(F ) ≤ reg R(I) + 1. Therefore from the exact sequence (1), it follows that reg(mG(I)(−1)) = reg mG(I) + 1 ≤ max{reg R(I) − 1, reg R(F )} ≤ reg R(I) + 1.
From the exact sequence (2), it follows that reg
Now assume that reg mG(I) < reg G(I). From the exact sequence (2) it follows that reg G(I) ≤ max{reg mG(I), reg F (I)}. Since reg mG(I) < reg G(I), the above inequality gives that max{reg mG(I), reg F (I)} = reg F (I). Therefore reg G(I) ≤ reg F (I). Since reg G(I) = reg R(I), we have reg R(I) ≤ reg F (I). The other inequality is already proved.
Therefore reg F (I) = reg R(I). This proves (iii).
We conclude this section by giving some examples to illustrate the regularity behavior of the fiber cone. The following example shows that the regularity of the fiber cone can be strictly less than the regularity of the associated graded ring even when reg F (I) > 0. Let R = ⊕ n≥0 R n be a finitely generated standard graded algebra. Then
. . , X m ]/J for some m and a homogeneous ideal J, where X 1 , . . . , X m are indeterminates over R 0 . Then the relation type of R, denoted by reltype(R) is defined to be the maximum degree of a minimal generating set of J. It is known that reltype(R) ≤ reg R + 1, [T] . Let k denote a field. and k is a field. Let I = (x 2 ,ȳ,z) and m = (x,ȳ,z). Then A is one dimensional nonCohen-Macaulay Noetherian local ring and I is an m-primary ideal satisfying I 4 = mI 3 .
. By using CoCoA, [Co] , one can see that the minimal free resolution of F (I) as an S-module is
From this the regularity of F (I) is 3. Therefore by the Proposition 2.5 we have reg F (I) = reg G(I) = 3. Note that grade I = 0.
The following example shows that the reduction number of I can be strictly smaller than the regularity of F (I).
2 ) and m = (x, y, z), where x =X, y =Ȳ and z =Z. Then A is a nonCohen-Macaulay Noetherian local ring. Let J = (y 2 ), then I 4 = JI 3 . Therefore r(I) ≤ 3.
. By using CoCoA, [Co] , one can see that the minimal free resolution of F (I) as S-module is
Hence reg(F (I)) = 4. Therefore r(I) < reg F (I).
Though we have proved that under certain conditions, reg F (I) is bounded below by reg G(I), we have not been able to find an example when this inequality is strict. Therefore we ask:
Question 2.10. Let (A, m) be a Noetherian local ring with infinite residue field and I an ideal such that grade I > 0. Is reg F (I) ≤ reg G(I)?
Gorenstein fiber cones
In this section, we study the Gorenstein property of the fiber cone. We begin by obtaining an expression for the canonical module of the fiber cone. We fix the notation for this section. Throughout this section, we assume that G(I) and F (I) are CohenMacaulay. Let ω G(I) and ω F (I) denote the canonical modules of the associated graded ring G(I) and the fiber cone F (I) respectively. For the definition and basic properties of canonical modules, see [BH] . In the original manuscript, the result given below was proved in a weaker form. We would like to thank the referee for suggesting the following improved form. be the canonical modules of G(I) and F (I) respectively. Then
(2) a(F (I)) = a(G(I)) = r − d, where r is the reduction number of I with respect to any minimal reduction J of I;
Proof.
(1) Since G(I) is Cohen-Macaulay and F (I) = G(I)/mG(I) is such that dim G(I) = dim F (I) = d we have by ( [HIO] , Corollary (36.14)) that:
(2) By definition a(F (I)) = − min{n|[ω F (I) ] n = 0}. Since ω n is a finitely generated A/Imodule for any n and I is m-primary, A/I is of finite length and so ω n . As a consequence (0 : ωn m) = 0 if and only if ω n = 0. Therefore a(F (I)) = a(G(I)).
On the other hand, it is known (see for instance ([HZ], Proposition 3.6)) that if G(I)
is Cohen-Macaulay then a(G(I)) = r − d, where r := r J (I) is the reduction number of I with respect to any minimal reduction J of I.
(3) Since G(I) is Cohen-Macaulay, G(I k ) is also Cohen-Macaulay for any positive integer k (see for instance ( [HZ] , Corollary 4.6) ). On the other hand, by ( [HZ] , Corollary
for any n and by (1)
We know that if G(I) and F (I) are Cohen-Macaulay then reg G(I) = r = reg F (I).
Now we prove that reg ω G(I) and reg ω F (I) are equal.
Corollary 3.2. Suppose G(I) and F (I) are Cohen-Macaulay. Then reg ω G(I) = reg ω F (I) .
In addition if
Proof. Let J be a minimal reduction of I minimally generated by x 1 , . . . ,
and .
If in addition F
Proof. By ( [HKU] , Theorem 4.1),
the extended Rees algebra of I.
. From Proposition 3.1(1),
This implies that for 0 ≤ n ≤ r.
Proof. Since G(I) and F (I) are Cohen-Macaulay, we may choose a generating set for J such that the corresponding images form a regular sequence in G(I) as well as in F (I).
Therefore we have
Using the isomorphism theorems and the fact that G(I) is Cohen-Macaulay, one obtains the isomorphism:
Suppose F (I) is Gorenstein. Then from the Remark 3.4, it follows that F (I/J) Gorenstein with canonical module ω F (I/J) = F (I/J)(r). Therefore
Hence, in particular, we get the required equality of lengths for 0 ≤ n ≤ r.
Conversely assume that λ(((I
for 0 ≤ n ≤ r. Then by the above isomorphisms we have λ(
for all n. This implies that λ(ω F (I/J) ) = λ(F (I/J)(r)) = λ(F (I/J)). Let η : P → ω F (I/J) be the natural surjective map from a graded free F (I/J)-module P of rank equal to µ(ω F (I/J) ), the minimal number of generators of ω F (I/J) . Since ω F (I/J) has finite injective dimension, its injective dimension is equal to depth F (I/J) = 0. Therefore ω F (I/J) is an injective module and hence Hom F (I/J) (−, ω F (I/J) ) is an exact functor. Applying this exact functor to the map η, we get a surjective map η * : Hom
But by the definition of canonical module,
Note that
Hence there is a surjective map F (I/J) → rank(P ) ω F (I/J) . This implies that
Corollary 3.10. Let (A, m) be a Noetherian local ring and I be an m-primary ideal.
Assume that G(I) is a Gorenstein ring. Suppose F (I) is Cohen-Macaulay and A/I is
Proof. For any n ≥ d − r, there is a natural map ψ n : (I n+r−d+1 : m)
is an ideal of
This completes the proof.
The following Proposition shows that e 0 (ω F (I) ) < e 0 (ω G(I) ) unless I = m. We conclude this article by providing two examples. First we give an example of an ideal whose associated graded ring is Gorenstein but the fiber cone is not. is a minimal reduction of I of reduction number 1. Then it follows from the Corollary 4.5 (5) of [HKU] that G(I) is Gorenstein. Since I has reduction number 1, F (I) is Cohen-Macaulay. Since µ(I) = 3 > dim A + 1, by Proposition 4.1 of [JPV] , F (I) is not Gorenstein. Also, note that 5 = λ ((I 2 + J) : m) ∩ I I 2 + J = λ I mI + J = 1.
In the example below we apply our result to obtain an example of a Gorenstein fiber cone.
Example 3. , where w is the image of t 4 in A/I. Since XZ − Y 2 , wX 2 − Z 2 is an R-regular sequence and A/I is Gorenstein therefore G(I) is Gorenstein. Since mI n ∩ J = mJI n−1 for all n ≥ 1, F (I) is Cohen-Macaulay. By using CoCoA, [Co] , it can easily be seen that Therefore by the Theorem 3.5, F (I) is Gorenstein.
